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Results from a wind tunnel study of aerodynamically rough turbulent boundary-layer 
flow over a sinusoidal surface are presented. The waves had a maximum slope (ak) of 
0.5 and two surface roughnesses were used. For the relatively rough surface the flow 
separated in the wave troughs while for the relatively smooth surface it generally 
remained attached. Over the relatively smooth-surfaced waves an organized secondary 
flow developed, consisting of vortex pairs of a scale comparable to the boundary-layer 
depth and aligned with the mean flow. Large-eddy simulation studies model the flows 
well and provide supporting evidence for the existence of this secondary flow. 

1. Introduction 
There have been numerous studies of turbulent boundary-layer flow over topography 

conducted over the years, many concerned with stably stratified flow and lee waves, but 
others focusing on neutrally stratified flow. Reviews by Taylor, Mason & Bradley 
(1987), Finnigan (1988) and Carruthers & Hunt (1990) deal with this aspect, and it is 
also the topic for a chapter in the recent book by Kaimal & Finnigan (1994). In 
addition to considering the velocity perturbations induced by topography, some 
studies have also considered the pressure distribution on the underlying surface and the 
related form drag. The form drag is of particular interest in attempting to parameterize 
the effects of small-scale topography for large-scale atmospheric flow models, as 
illustrated by the work of Taylor, Sykes & Mason (1989) and Wood & Mason (1993). 
Furthermore the pressure distribution is critical to the wind wave generation process. 
This was the focus of the early experimental studies of Stanton, Marshall & Houghton 
(1932) and Motzfeld (1937), and several other contributions (e.g. Kendall 1970) have 
been motivated, at least in part, by an interest in wind wave generation. Perhaps partly 
because of this, all of the previous wind tunnel and water channel studies that we are 
aware of, including those by the University of Illinois group (see for example Buckles, 
Hanratty & Adrian 1984; Abrahams & Hanratty 1985; and Kuzan, Hanratty & 
Adrian 1989), have been for flow over waves with aerodynamically smooth surfaces, 
for which there will be some Reynolds number dependence. The Reynolds number will 
influence the wave slope required to cause flow separation (see Zilker, Cook & 
Hanratty 1977) and the variation of local surface shear stress between trough and crest 
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may cause the viscous sub-layer thickness and the ‘effective roughness length ’ (see 
Garratt 1992, p. 87) to vary along the length of a wave. To the best of our knowledge 
the wind tunnel study reported here is the first to use aerodynamically rough surfaces. 

Here we present new wind tunnel measurements and large-eddy simulation (LES) 
results. The measurements include the discovery of a secondary flow which developed 
in one of our wind tunnel flow cases. Similar, though not identical, features were 
present in our large-eddy simulations. All of the flows considered are neutrally 
stratified and we will not discuss situations in which internal gravity waves would be 
generated. A preliminary description of the experimental results was presented at a 
1989 ALPEX meeting in Garmisch-Partenkirchen and at a 1990 Euromech colloquium 
in Bologna (see Hunt et a/. 1991). Attempts to reproduce our observed mean flow with 
models based on solutions of the ensemble-averaged equations are discussed in Taylor 
et al. (1995). 

Theoretical models of flow over wavy surfaces include the work of Miles (1957), 
Townsend (1972), Caponi et a/ .  (1982) and others on wind wave generation. Miles’ 
theory is essentially inviscid while Caponi et al. consider a laminar viscous flow. Most 
other models of flow over topography (including Townsend 1972; Taylor 1977~ ;  
Beljaars, Walmsley & Taylor 1987; Maat & Makin 1992; and Xu & Taylor 1992) use 
the ensemble-averaged or Reynolds equations for turbulent flow and invoke closure 
assumptions at some level. As Ayotte, Xu & Taylor (1994) have recently demonstrated, 
some flow predictions, especially turbulence in the ‘outer layer’, but also the form 
drag, can be strongly dependent on the closure used while the overall predictions of 
mean wind speed variation, at least for low slopes, are relatively insensitive. Several 
models (e.g. Jackson & Hunt 1975; Beljaars et a/. 1987) are linearized in wave slope 
(ak) and formally restricted to waves of low slope, although in practice they are often 
used for moderate slopes provided that the flow remains attached. With slopes large 
enough to cause flow separation, local Reynolds-average closure assumptions become 
rather questionable, because the separated region is often fluctuating in size and the 
separation itself may well be intermittent. With this caution, we can note that Gent & 
Taylor (1977) model separated flows, mostly for water waves but including some fixed 
wave cases. Xu, Ayotte & Taylor (1994) investigate the errors associated with the use 
of linear models and also present results from an improved version of their nonlinear 
mixed spectral finite difference (NLMSFD) model. 

For flow over an infinite train of two-dimensional sinusoidal waves there are 
applications to studies of the flow over sand or gravel waves and, allowing for 
differences in the surface boundary condition, indirect applications to the flow over 
water waves. Our primary motivation however is that sinusoidal topography represents 
a canonical, complex terrain situation and thus has an inherent importance in attempts 
to refine our understanding of turbulent flow in the atmospheric boundary layer. 

2. The flow configuration 
The flow is neutrally stratified and can be considered as a modification of, or 

perturbation to, stationary horizontally homogeneous infinitely deep undirectional 
constant-stress-layer flow above a plane aerodynamically rough surface of uniform 
roughness, zo. This basic flow will have a logarithmic mean velocity profile, 

u = ( U * / K )  In ((2 + zo>/zo), (1) 

where u* is the friction velocity and K is the von Karman constant, which we will take 
as 0.4. 
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Periodic 
lateral 
boundary 
conditions 

FIGURE 1. Flow over a periodic wavy surface at the bottom of a deep constant-stress turbulent 
boundary layer. 

Let us consider the situation with the plane lower boundary replaced by an infinite 

(2) 

periodic wavy surface with elevation, 

z, = a cos kx.  

The wave crests are perpendicular to the flow direction, a is the wave amplitude, A is 
the wavelength and k = 27c/A is the wavenumber. The maximum wave slope will be ak. 
This flow situation is illustrated in figure 1. The topographically induced flow has 
substantially decayed at z = A, and upper boundary conditions can generally be 
applied at that level. Throughout this paper we will use z’ to denote height above the 
local surface and z to denote height above a plane surface. The flow is assumed to be 
periodic and can still be a constant-stress layer for horizontal averages over a 
wavelength. For wavelength averages on horizontal planes with z > a the total 
wavelength-averaged kinematic shear stress will be 

-(rn)-(UW) = u;, (3) 

where the upper-case symbols and overbars represent mean quantities (time or 
ensemble averages), primed quantities are turbulent fluctuations and < ) indicates a 
wavelength-averaged quantity. As z increases, the mean flow Reynolds stress, ( U  W ) ,  
will decay and all of the stress will be associated with the turbulent contribution (cf. 
Taylor et al. 1989). 

For this ideal Reynolds-number-independent flow, which is one of the situations 
considered in Taylor (1977a) and several other modelling papers, we have just two 
external parameters defining the flow in a non-dimensional sense. These are the 
maximum wave slope, ak, and the ratio of wavelength to roughness length A/z,. The 
mean flow, and a11 integral statistics, are expected to be independent of the cross-stream 
coordinate, y ,  and to be periodic in x with wavelength A. 

Unfortunately in all of the laboratory studies of flow over a wavy surface that we are 
aware of, including our own, the boundary layer is not sufficiently deep to be 
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FIGURE 2. Sketch of the wind tunnel arrangement. Vertical scale exaggerated approximately 10 x . 

considered as a true constant-stress layer up to a depth of O(A), although the flow 
variations over the waves may be essentially periodic throughout most of the 
boundary-layer depth. This depth is either still growing slowly at the measurement 
location or the boundary layer could, in effect, have become part of a two-dimensional 
channel flow (as in the experiment reported by Buckles et al. 1984). In either case the 
total shear stress will vary with height. In practice this variation is often on a similar 
scale to the vertical extent of the topographically induced velocity perturbations. The 
insufficient depth of the boundary layer is a result of experimenters wanting long 
enough waves in order to make measurements within the ‘inner layer’, close to the 
surface, and sufficient waves to ensure a fully developed periodic flow within the 
boundary layer over the waves. The spatially evolving boundary layer is illustrated in 
figure 2. At measurement locations over the 10th and 12th waves in our experiments 
the boundary-layer depth (600 mm) was approximately equal to A, although at the 
upstream reference measurement location or in the flow over a flat floor without the 
wave model present it was rather shallower (100-250mm). From a theoretical or 
numerical modelling point of view it is difficult to handle the steadily growing 
boundary-layer situation since we cannot assume spatially periodic boundary 
conditions. Most of the numerical results obtained to date are either for the idealized 
constant-stress layer discussed above or for the horizontally homogeneous (in a 
wavelength-average sense) planetary boundary layer (e.g. Taylor 1977 b or Newley 
1985). In our LES modelling, we will consider a time-dependent flow, with periodic 
boundary conditions, initialized with velocity and turbulence characteristics rep- 
resentative of the upstream conditions in the wind tunnel. If we define T,,: = A/U,, 
where U, is the free-stream velocity in the wind tunnel, then there will be an 
approximate equivalence between the wind tunnel flow at distance nA from the start of 
the wavy surface and the spatially periodic simulated flow after a time n7&. We will 
assume this similarity in comparing wind tunnel and LES data. 

In comparing results from various models and experiments it is necessary to select 
a suitable scaling velocity. There are several choices for this: (a) a surface friction 
velocity, u* ;  (b) a bulk velocity, U,, based on mass flux and obtained by integration 
over the depth of a channel, as in Buckles et al. 1984; (c) an average velocity at some 
height, often taken to be A ;  or (d) the free-stream velocity, Uo, if the concept applies. 
The internal scaling velocity for the LES model that we use is U, but in the present 
paper we will generally use Uo as our scaling velocity since this is unambiguous for our 
experimental work. In the wind tunnel setting U, x U,. 

3. The wind tunnel, the wave model and the undisturbed flow 
The experiment was conducted in the AES (Atmospheric Environment Service, 

Canada) meteorological wind tunnel, which has a working section of 
2.44 m x 1.83 m x 18.29 m ( W x  H x  L). A detailed description of the wind-tunnel 
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facility and the basic data acquisition and analysis system is given in Shokr & 
Teunissen (1988). Veiocity measurements were made with both single hot-wire and 
cross-wire (X) probes while surface pressure measurements were obtained at a series of 
pressure tappings both in the sidewall of the tunnel (for free-stream pressure variation) 
and in the lower, wavy boundary, over the first and the tenth waves, where access to 
the model was relatively easy. There were 26 pressure tappings over one wavelength 
with higher resolution over the steepest parts of the wave slope to assist in the accurate 
determination of form drag. A scanivalve multiplexer was used to sequentially direct 
signals from all pressure ports to a single electronic manometer. 

The wave model was made from high-density polyurethane foam. It consisted of 
sixteen sinusoidal waves with wavelength A = 609.6 mm and trough to crest height 
2a = 96.5 mm, which gave a maximum surface slope ak = 0.50. For the natural foam 
surface, which was relatively, though not aerodynamically, smooth, velocity profile 
measurements over a plane surface gave zo = 0.03 mm and h/z ,  = 2 x lo4 while with a 
carpet cover (relatively, and aerodynamically, ‘rough’), zo = 0.4 mm and A/z, = 

1.5 x lo3. The wave model was placed with its leading edge at a distance x = 6.1 m 
downstream from a honeycomb Iocated at the downstream end of the contraction 
region and joined (flush) with Masonite (hardboard) sheets upstream. These sheets 
were shown to have approximately the same surface roughness length as the foam. In 
the rough case, the waves as well as the upstream flat floor were covered with carpet 
of uniform (5  mm) thickness with no change caused to the wave topography. 

To obtain the characteristics of the undisturbed flow for the relatively smooth 
surface case, measurements were first carried out in the tunnel without the wave model. 
In this case, the entire wind tunnel floor was covered with Masonite sheets and an 
approximate zero longitudinal pressure gradient was obtained over the major test 
section (x > 0) by adjustment of the tunnel roof panels. Vertical __ profiles of mean wind 
speed U and turbulence components (T,,(T~,(T~ and (-u’w’) were taken at three 
positions along the central plane of the wind tunnel, assuming the flow to be two- 
dimensional. The free-stream velocity, U,, approximately 1 m above the floor of the 
tunnel, was set to about 10 m s-I during the measurements. Here, and in the discussion 
of flow over the wavy surface, we will present the turbulence data __ after rotation into 
streamline coordinates (s,y,n). Thus u, is used to indicate ( U ~ U ~ ) ~ / ~ ,  etc. A semi- 
logarithmic plot of time-mean velocity profiles, figure 3 (a),  gives essentially the same 
roughness length (0.03 mm) at the three measurement positions. The friction velocity 
u* can be evaluated from the profiles, assuming a logarithmic profile, (1). Results for 
u*, based on the slope of the lower portion of the profiles (I  < z’ < 100 mm) on a Iog- 
linear plot, range from 0.45 m s-l at x = 6.7 m to 0.41 m s-’ at x = 14.0 m due to the 
growth of boundary layer. The boundary-layer depth was about 200 mm at the first 
downstream position and about 250 mm at the last position. The flow had a roughness 
Reynolds number R( = u*zo /v )  of about 0.8, and was therefore not quite fully 
aerodynamically rough (R > 2.5, cf. Sutton 1953, p. 82). However it will differ from 
fully aerodynamically rough flow only very close to the surface, and the main body of 
the Row should still be virtually independent of Reynolds number. 

and ( T ~ ,  at the downstream position (x = 14 m), are 
plotted in figure 3(c), while in figure __ 3(6) we show the shear stress profiles at three 
measurement locations. The (T and - u’w’ profiles are approximately constant over the 
lowest one third of the boundary layer and decrease above. Near-surface ratios (v,, cru, 
a,)/u, have values of approximately (2.2,1.3,1 .O) in reasonable accord with those 
obtained in other wind tunnel studies by, for example, Gong & Ibbetson (1989) of (2.2, 
1.5,l.O) or Counihan (1975) of (2.5,1.9,1.3). Scaling to U, gives ( ( T ~ , ( T ~ , ( T ~ ) / U ~  = 

Turbulence profiles (T,, 
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(0.085,0.055,0.035). Atmospheric boundary layers generaIly have slightly higher 
values of a;, and gZu as illustrated by the average flat-terrain a / u ,  values (2.39,1.92, __ 

1.25) given by Panofsky & Dutton (1983, p. 160). The near-surface values of -u’w’ 
(0.0007 to 0.001 U i )  are however significantly lower than the corresponding u i  values 
from the velocity __ profiles (- O.O017U;), although downward extrapolation of the 
measured - u’w’ profiles (figure 3 b)  from z’ = 30 mm to the surface would give values 
which were more or less consistent with the profile u i .  Our suspicion is that this is due 
to limitations of the X-wire measurement in the lowest 10-30 mm of the boundary 
layer, possibly associated with probe holder interference as well. Lawson & Britter 
(1983) discuss the yaw response of heated cylindrical sensors at low velocities and show 
that correction factors ranging from 1.2 to 2 (corresponding to a velocity range of 8 to 
0.5 m s-’ in their experiment) should be applied to X-wire measurement of shear stress. 
Discrepancies in surface shear stress between X-wire measurements and the evaluation 
from the mean velocity profile can also be found in other wind tunnel simulations, e.g. 
Klebanoff (1955), Teunissen & Flay (1981). 

Lateral uniformity of the flow over the flat floor was examined in the central third 
of the wind tunnel width at two heights, 20 and 100 mm, 14.0 m downstream from the 
honeycomb. The tests showed that the lateral variability was less than +2% for the 
mean flow and _+ 7 YO for the turbulence components. These results confirmed earlier 
measurements by H. W. Teunissen (personal communication). 

No measurements were made in the wind tunnel over the plane rough (carpet) 
surface. However, the measurements at a reference location about 2h upstream of the 
waves are sufficient to describe the undisturbed flow in this case. The mean flow 
measurements give z, = 0.4 mm as noted above and, from the velocity profile, u* = 

FIGURE 3. Flow measurements over the Masonite-covered flat floor of the wind-tunnel: (a)  mean 
velocity at three locations, x = 6.7 m ( x ), 10.4 m (0) and 14.0 m (+) downstream from the 
honeycomb; (b) shear stress at the same three locations, (c) normal stress components at x = 14.0 m 
( x ,  a,; 0, a"; +, awl. 
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0.62 m s-l with U,, = 10 m s-’ at this location. With a roughness Reynolds number of 
about 16, the flow is aerodynamically rough. Values of (G%, G ~ ,  G,)/u, are (1.5,1 .O, 0.8), 
with (cru, crv, crw)/Uo = (0.096,0.063,0.047). Again, the near-surface X-wire measure- 
ment of --Z? (0.0015U~) is lower than u: determined from the velocity profile 
(0.0038 Ui) .  

4. Measured flow structure over the waves in the central plane of the wind 
tunnel 

The three-dimensional secondary flow features discovered in our flow over the 
relatively smooth-surfaced waves will be discussed below in $6. First we will discuss 
flow measurements made in the central plane of the wind tunnel ( y  = 0), ignoring the 
lateral variations and any secondary flow. Limited, single hot-wire profile meas- 
urements at locations away from the central plane (at y = f400 mm for downstream 
locations between the 11th and 12th crests) showed along-wave (x) and vertical (z’) 
structure of the topographically induced flow modification in U and gU similar to that 
observed along the centreline. 

4.1. Establishment of the periodicJow 
When boundary-layer flow encounters a train of waves, over the first wave it will 
respond more or less as in the case of a single hill, whiIe over subsequent waves the flow 
could be quite different since the oncoming flow has been modified by the waves 
upstream. After some adjustment over the first few waves, we expect the lower part of 
the flow to approach a near-equilibrium, and approximately spatially periodic state, 
since the underlying topography is periodic. Counihan (1 974) concluded, from his 
observations, that the flow becomes essentially periodic downstream of the third wave 
crest. We would, however, expect a general reduction in flow speed at upper levels 
within the boundary layer as the flow progresses downstream, due to boundary-layer 
growth, which will itself be enhanced by the drag increase caused by the topography. 

Vertical profiles of the mean streamwise velocity and the turbulence component cr% 
(defined in streamline coordinates) at wave crests for the smooth surface are given in 
figure 4. These were a11 measured in the central plane ( y  = 0) of the tunnel. The wind 
tunnel roof was readjusted after insertion of the model in the test section to maintain 
a zero longitudinal pressure gradient in the outer flow over most of the section of the 
tunnel containing the wave model and the free-stream velocity was maintained at 
approximately 10 m s-I. The flow reaches an almost periodic state quite rapidly, after 
the third or fourth wave, especially at low levels. Mean velocities are seen to be 
significantly greater than the upstream flat-floor values (figure 3 a) at low levels over all 
the crests, with maximum speed-up occurring over the first crest. Turbulence (0-J is 
found to decrease relative to the upstream flat-floor values in the accelerated flow over 
the first crest, as expected on the basis of rapid distortion theory (see Kaimal & 
Finnigan 1994, p. 183), but is stronger than upstream over subsequent crests as a result 
of a general increase in turbulence levels over the waves. As indicated by the ua profiles 
in figure 4(b), the boundary-layer depth has increased from about 200 mm upstream 
of the model to about 500mm above the 10th to 15th crests. Most of the growth 
occurred over the first few waves. 

4.2. Mean velocity and surface pressure structure in well-established periodic flow 
Figure 5(a, 6 )  shows vertical (log 2’) profiles of mean velocity at selected downstream 
locations between the 11th and 12th wave crests in the relatively smooth and rough 
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& Cermak (1972); 0, U, = 6 m s-'; 0, Uo = 12 m s-'; A, Zilker et al. (1977, 1979); 0, Kendall 
(1970); x ,  Hsu & Kennedy (1971). 



Turbulent boundary-layer $ow over rough waves 13 

Surface type (.:I, (4) 1”, <u:>+l;O MTB 
Rel. smooth 0.0017 0.0025 0.0085 0.0110 0.0092 
Rel. rough 0.0038 0.0014 0.0065 0.0079 0.0127 

TABLE 1. Drag values over the waves: wind tunnel study. All drag values are per unit area and are 
normalized by pU:; (u”,, is upstream or flat-floor stress from the velocity profile, wavelength- 
averaged, (uZ,), values are calculated assuming local logarithmic profiles near the surface with the 
roughness lengths determined from the upstream or flat-floor measurements, F, is normalized form 
drag, calculated from (4), MTB is total drag computed from the momentum budget over 10 waves 

surface cases respectively. The profiles over the 11th and 12th crests match very well 
and there is also good agreement between repeated measurements of the same profiles 
with single-wire and cross-wire probes. Note that the flow over the waves is very 
sensitive to surface roughness. The increase in zo, by an order of magnitude, between 
our smooth and rough cases, greatly reduces the speed-up over the crests and increases 
the velocity reduction in the outer part of the boundary layer, although the boundary- 
layer depth is hardly affected. 

Flow separation was expected in the troughs since the maximum slope (ak) is 0.5 in 
the present case, and ak - 0.3 was considered to be the critical slope for separation (cf. 
Kuzan e f  al. 1989, figure 1). For both the relatively smooth and rough cases, flow in 
the first trough (not shown) was strongly separated, as indicated by both tuft tests 
(wool tufts attached at the surface) and surface pressure measurements. For the 
smooth waves, tuft tests showed occasional intermittent reverse or cross-stream flow 
over a limited section of the lee slope in the 10th trough but (see figure 6a)  there was 
no constant-pressure region. Although intermittent separation probably occurs it is 
limited in extent and the mean flow remains essentially attached. No tuft tests were 
conducted over the rough waves but pressure measurements show regions of near- 
constant surface pressure on the downwind slope of the wave indicating separation, 
over both the first and the tenth troughs. As seen in figure 6(a), the constant 
(approximately) pressure region extends from x / A  = 0.15 to 0.5 in the ‘rough’ case 
while surface pressures increase continuously between crest and trough in the ‘smooth ’ 
case. Our hot-wire instruments could not differentiate between positive and negative 
velocities and are unreliable in regions of high turbulence intensity. However our 
subjective interpretation of the velocity profiles in figure 5 is that there is little or no 
reverse flow in the ‘smooth’ wave case while in the rough case the flow may have a 
separated, essentially stagnant, wake region extending to heights of order 20 mm (0.4~) 
on the lee slope and in the trough. 

Figures 5(c) and 5(d) show the same velocity profiles as figures 5(a) and 5(b) but 
with a linear z’ scale rather than a logarithmic one. We do this to clearly illustrate the 
strong relatively shallow jet above the crests in the flow over the ‘smooth’-surfaced 
waves (figure 5 c) .  Frictional effects only seem to affect the flow at the very lowest levels. 
Linear inviscid irrotational flow over small-amplitude sinusoidal waves would have the 
velocity perturbation or speed-up decaying with height as exp ( - k z )  - see for example 
Walmsley, Salmon & Taylor (1982). The observed decrease in speed above the near- 
surface jet shown in figure 5 (c)  appears to approximately match this but we have so far 
been unable to simulate such large velocities and shallow jets with models based on the 
Reynolds-averaged equations (see Taylor et al. 1995). In the rough-wall case the near- 
surface flow above the crests has substantially lower velocity than the smooth case and 
the pronounced near-surface jet is absent. Figures 5(c) and 5(d) can be compared to 
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the results presented for aerodynamically smooth wavy surfaces by Counihan (1974), 
Buckles et al. (1984) and Kuzan et al. (1989). Buckles et al. measured velocity profiles 
above aerodynamically smooth waves with maximum slope ak = 0.628, for which the 
flow was strongly separated. Their crest and trough profiles (see figures 8 and 9 of their 
paper) are in reasonable qualitative agreement with our separated-flow case (figure 5 d )  
showing very strong shear close to the surface above the crest, with nearly constant 
velocity above that up to z’/h z 0.1 and then a gradual increase with z’ to free-stream 
or channel maximum velocity. Kuzan et al.’s experiment 1 (see their figure 3) with 
ak = 0.393 has ‘incipient’ or transitional separation and might be expected to be 
qualitatively similar to our relatively smooth-wall case (figure 5 c). Their trough profile 
shows a similar pattern with moderate shear from the surface up to z’ M 0. Ih and weak 
shear above that. Their crest profile has strong shear close to the surface but then 
approaches the free-shear value monotonically. Counihan’s (1974) configuration A 
and D cases have ak = 0.52, very close to ours, and the flow appears to remain attached 
after the second crest. Neither Counihan’s nor Kuzan et aZ.’s crest profiles display the 
jet feature that we observed. The same is true of results presented by Bandou & 
Mitsuyashi (1988) for flow over waves with ak = 0.314. However, Motzfeld’s (1937, 
figure 10) profiles for the flow over his second-wave model (ak = 0.314) do show a 
near-surface jet above the wave crest, although it is less pronounced than ours. 

Returning to the pressure measurements (figure 6a) we note first that the range of 
the pressure perturbation measured in the essentially attached flow over the relatively 
smooth surface (0.57pU:) is roughly four times that measured for the flow over the 
rough waves (0.15pG). This is approximately consistent, through the Bernoulli 
equation for inviscid flow ( p  ++pU2 = constant), with near-surface crest-to-trough 
velocity squared differences computed from the profiles shown in figure 5 (ap- 
proximately 1.2U0 for the smooth case and 0.35U0 for the rough case). The lower 
perturbation pressure ranges in the rough-wall case are presumably due to the 
smoothing of upper flow streamlines, relative to the topography, as a result of flow 
separation. Note that the range of pressure variation along the relatively smooth- 
surfaced wave (1.14akpUt) is significantly lower than the predictions of linear inviscid 
irrotational flow theory (2.OakpUt) as a result of both velocity shear and nonlinear 
effects. Surface pressure distributions are qualitatively similar to those observed over 
aerodynamically smooth waves by Kuzan et al. (1989) where varying slope and 
Reynolds number determine whether or not the flow will separate. Some of their results 
(their figure 22) with 2a/h = 0.125 (ak = 0.393) show steady shallow separated flow at 
a Reynolds number Re (based on bulk velocity, U,, and channel half-height) of 13 200 
while at high Re (48000) there is only intermittent separation. The corresponding 
ranges of pressure variation are approximately 0.7akpUi and 1.65akpUi, where U, 
may be slightly (5  %) lower than U,. For steeper waves (2a/h = 0.2, ak = 0.628) the 
normalized pressures are reduced. 

The pressure range over our rough-surfaced waves is approximately 0.3akpUt. The 
separated aerodynamically smooth channel flow over wavy surfaces reported by 
Buckles et al. had a surface pressure range of about 0.2pU: or 0.33akpUi, in good 
agreement assuming U, M U,. The overall shape of the distribution was also similar to 
ours but with a rather sharper pressure minimum over the crest. The same is true of 
the early measurements by Stanton et al. (1932) for waves with ak = 0.64. Pressure 
ranges on their 10th and 27th waves varied significantly with Reynolds number, but 
0.2pU: = 0.31akpU; is a representative value. 
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4.3. Surface drag and the momentum budget 

From our surface pressure measurements (which were to within 2 %  of the pressure- 
range over the waves in repeated tests) we computed the form drag per unit area on the 
waves, i.e. 

FD = pUi & = J p,*(dz,/dx) dx/h, (4) 

where p,* is the surface normal stress, p + e, and the integral is over one wavelength. 
The results are given in table 1, together with estimates of the wavelength-averaged 
surface shear stress and the total horizontal stress on the lower boundary based on 
momentum budget calculations. Upstream surface shear stresses, estimated from 
profile uZ,s as discussed in 93, are also given. 

We were unable to directly measure the shear stress on, or sufficiently close to, the 
wavy surface (see discussion of the stress gradients below). Although assumptions of 
local equilibrium flow with logarithmic velocity profiles close to the surface are clearly 
somewhat suspect, we have considered it worthwhile to compute surface friction 
velocities based on our velocity measurements at z’ = 3 mm for twelve equally spaced 
locations along the waves. In effect we use a drag coefficient for a height of 3 mm, 
derived for equilibrium flow over a flat surface, to provide an estimate of the surface 
stress over the curved surface of the wave model. The rationale for this is that the 
velocity measurement height, 3 mm, is much less than the radius of curvature of the 
surface (200 mm) so that curvature effects will be negligible and the surface could be 
considered as flat, and within the Jackson-Hunt (1975) inner layer of depth I and thus 
at a height where the velocity will be affected by the topographically modified shear 
stress. Values of I for the relatively smooth- and rough-surfaced waves are 8.5 mm and 
13.6 mm respectively. The calculated shear stresses are plotted in figure 6(b) and are 
used to obtain wavelength-averaged surface shear stress estimates. There is clearly 
some uncertainty about the accuracy of this approach, and even about the direction of 
the shear stress in the separated region, but we would argue that they do provide useful 
estimates. Note that the surface friction velocities in the separated region are relatively 
low and, when integrated over a wavelength for the rough-surface case, only 7 % of the 
total shear stress comes from the 50% of the surface (0.2 < x/h < 0.7) where 
separation is most likely. 

Momentum budget calculations were attempted for control volumes over a single 
wavelength (0 < x/h < 1 in figure 1) from the surface to the top of the boundary ~ layer 
( z ,  d z f A)  and also from the surface to z = a (requiring an integral of UW+u’w’ at 
z = a) .  However, the net drag was a small residual and could not be reliably 
determined. We had more success with a momentum budget for a control volume 
extending over ten wavelengths (crests 4-14). There is an assumption of two- 
dimensionality built in to the budget and even over ten wavelengths we are still seeking 
a residual which is of order 10% of the total momentum flux ( - p U i h ,  since we 
integrated up to a height equal to the wavelength). 

The budget for the smooth case looks satisfactory (only 16 YO discrepancy between 
the total drag and the momentum budget estimate), considering the assumptions 
involved. The form drag is more than three times the wavelength-averaged surface 
shear stress and this average surface shear stress is a little higher than the flat-floor 
value. In the rough-surface case there is a significant imbalance in the budget and we 
are uncertain where the error has occurred. The sum of form drag plus surface shear 
stress indicates a total which is roughly double the upstream flat-floor value although 
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the estimated wavelength-averaged surface shear stress is only 37 YO of the upstream 
value. Near the crests the local shear stress is high (O.O062pU;), as seen from figure 
6(b),  but not as high as in the smooth case (0.0085pUt). The shear stress is negligible 
over half the wavelength and only exceeds the upstream value over about one sixth of 
the wave. The form drag is less than that measured over the relatively smooth waves. 

The form drag measurements are compared to results from other laboratory studies, 
all over aerodynamically smooth surfaces, in figure 6(c), showing form drag variation 
with slope (ak). Although there is considerable scatter there is consistency with the 
other studies. For low values of ak, we expect from linear theory that I;, oc ( ~ k ) ~ .  This 
rate of increase is unlikely to be maintained for large ak. In fact, as indicated from 
figure 6(c),  the form drag seems to level off as ak increases beyond 1.0. ~ 

Estimates of the wavelength-averaged turbulent shear stress, ( - uh ui),  at z’ = 

200 mm (h/3),  based on measurements at 13 points along the wave, are 0.0035Ui and 
0.0038Ui for the smooth and rough cases respectively. These are larger than the 
estimated surface shear stresses but lower than the total horizontal stresses on the 
surface, in accord with the model proposed by Taylor et al. (1989). 

4.4. Centreline turbulence statistics 
Turbulence data were obtained with single wires and with X-wires oriented both 
vertically (X, 2)  and horizontally (X, Y ) .  All of the measurements ~ generated ~ data on 
(T, while the X-wire measurements generated profiles of ( T ~ ,  ( T ~ ,  u’u’ and u’w’. All of the 
turbulence measurements are presented in streamline coordinates (i.e. u’ = u:, Y’ = Y’, 
w’ = uh). Data are available at various locations between the 1 lth and 12th wave crests 
but we will focus on crest and trough profiles. 

Figure 7(a-d) and 8(a-d) show profiles of ( T ~ ,  ( T ~ ,  ( T ~  and u’w’ above crests 1 1  and 
12 and the intervening (1 lth) trough for the relatively smooth- and rough-surface flows 
respectively. They warrant careful examination. First we see that the total boundary- 
layer depth at these locations is of order 600 mm in both the rough and smooth cases, 
roughly double the depth in the smooth-surface flat-floor case (figure 3). However, 
above z’ = 300 mm turbulence decreases with height and modifications to turbulence 
in the outer half of the boundary layer may be somewhat different than those 
determined by models based on perturbations from constant-stress-layer flow. As 
noted earlier, inner-layer depths obtained using the Jackson-Hunt equation are 
8.5 mm and 13.6 mm for the smooth and rough cases respectively. Since these are 
substantially less than 300 mm we can reasonably expect that the dynamics of the mean 
flow perturbations will not be significantly affected by the limited depth of the 
boundary layer. 

Turbulence levels (c/ U,, values) are generally higher than the upstream or flat-floor 
values presented in $3. In the relatively smooth-wall case, at heights (z’) of order 
100 mm, crest and trough values are essentially equal and increases relative to flat-floor 
values are about 25 YO for cru, 45 % for ( T ~  and 100 YO for crw. Corresponding values in 
the rough case, relative to upstream, are 35%, 45% and 60%. With or without flow 
separation the waves produce a more turbulent flow. The ( T ~  data show good 
consistency between all three measurement systems above the crests but in the trough, 
data obtained with the X-wire oriented in the (X,Z)-plane were somewhat different 
below z = 20 mm from those with the U-wire and X-wire in the ( X ,  Y)-plane. Mean 
flow velocities are low in this region leading to high turbulence intensities ((T,/U, = 
50 %) and all measurements will be somewhat unreliable. Only U-wire data are plotted 
in figures 7(a)  and 8(a). 

~ 
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4.4.1. Relatively smooth-wall data 

Near the surface (z < 10 mm) we find lower a, and a, values (figure 7a ,  b)  over the 
trough than over the crest as might be expected if this near-surface layer were tending 
towards local equilibrium. The near-surface aW profiles (figure 7 c) indicate similar 
values over the crest and trough although there is a hint from the lowest measurement 
levels that values may increase close to the surface above the crest. At heights of order 
20 mm and above, higher a, and lower aW values over the trough compared to the crest 
are qualitatively consistent with rapid distortion theory (RDT, see for example Britter, 
Hunt & Richards 1981 or Newley 1985) and with the predictions made by Ayotte 
et al. (1 994) for small-amplitude waves. For plane strain of initially axisymmetric 
(a, = aW) or isotropic turbulence (a, = aw = aw), in the flow over an isolated two- 
dimensional ridge, Newley predicts, to first order, that 

( A c T ; / c T ~ ) / ( A U / U )  = -0.8, 

where A can indicate trough to crest differences. In our case, at z’ = 40 mm, the height 
of the maximum difference in a,, we estimate Aat/at x -0.7 and A U / U  x 0.7. The 
ratio, - 1.0, is in good agreement considering the large amplitude of the differences. 
Corresponding RDT results for CT, and aw, assuming initially axisymmetric turbulence, 
are 

( A a ~ / ~ ~ ) / ( A U / U )  = -0.8(R- 1.0) z -0.8 

(Aa: /ak ) / (AU/U)  = (1.2-0.4R) z 0.4, and 

where the anisotropy ratio, R = ai/a: z 2.0 in our case. The measured aw data near 
z’ = 40 mm are rather scattered but on average give a value of approximately +0.44 
for the trough to crest difference ratio, in general agreement with the RDT estimate. 
The a, plot (figure 7 b )  indicates that the difference ratio is reducing with height from 
about + 1.3 at z’ = 10 mrn to 0 at z’ = 60 mm. It appears to be positive to all heights 
in contrast to the RDT estimate. Large discrepancies between measurements and the 
RDT estimates (assuming axisymmetric turbulence) for crV were also noted by Gong & 
Ibbetson (1989) in a case of flow over a single hill. 

At heights (z’) about 200 mm the values of a, are ~ slightly higher above the troughs 
than the crests. This also occurs for a,, aw and -u’w’ and will be primarily due to the 
fact that a given value of z’ will correspond to a higher value of z over the crest than 
the trough (by 96.5 mm). Streamlines are approximately horizontal above 200 mm and 
a values are decreasing with z. Thus, even though CT values could be constant along a 
streamline, differences between crest and trough can appear when the profiles are 
plotted as functions of z’. 

The general shapes of our au profiles are quite similar to those presented (with a 
linear z’ scale) by Kuzan et al. (1989, figures 3 and 4)  although the values of a,/Uo are 
lower by about 30 %. The trough maximum of a, occurs at about z’ = 0.06h in both 
cases (40 mm in our experiment). At the intermediate downslope location (x = 0.25h) 
the a, profile is similar in shape to that shown for the trough but with the maximum 
value of 0.22 occurring lower at about z’ = 12 mm. These maxima correspond to 
regions of increased velocity shear (aU/alnz = zau/az, see figure 5a), suggesting that 
increased shear production, as well as rapid distortion, may contribute to the higher a, 
levels. 

Our profiles of C T ~  (figure 7 b) show high values over the crests and lower values above 
trough locations for 0 < z’ < 40 mm while crest and trough profiles of aW (figure 7 c )  
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are rather similar. Both have gw increasing with z’ through the inner layer. Plots at the 
intermediate locations show the same behaviour. We can note that, at low levels, the 
ratio g w / g U  is about 0.6 above the trough while it reduces to around 0.3 above the 
crest. The flat-floor boundary-layer value was 0.45, and was in agreement with other 
studies. 

Streamline curvature effects (cf. Finnigan 1988; Finnigan et al. 1990; Ayotte et al. 
1994) could be expected to cause gw increases in the trough and decreases over the 
crest, but there is no evidence of this in our data. At heights z’ from 40 to 100 mm the 
rw maxima in the crest and trough profiles could be associated with secondary flows 
or large eddies, generated by the topography, filling the boundary layer and having 
high vertical velocities at mid-levels. Convective boundary layers (cf. Stull 1988, p. 125) 
generally show this behaviour. There is considerable scatter in our smooth-wall cw 
data, both between adjacent measurement levels in an individual profile and between 
the two crest profiles, in the 20 < z’ < 200 mm height range. This was not evident in 
the rough-wall case (figure 8 c) and may be linked to large eddies or to unsteadiness of 
a secondary flow present in the smooth-wall case (to be discussed below), which could 
lead to slow temporal variations and inconsistencies between measurements at different 
levels since they were ~ made at different times. 

Turning to the u’w’ data (figure 7 4  we might first comment that there is 
considerable scatter between levels in the measured profiles, probably due in part to 
large-eddy or secondary flow effects, as for vw, and a possible need for longer averaging 
times in order to obtain __ completely stable statistics. However, we can see near-zero ~ or 
positive values of u’w’ for z’ “N 10 mm with a significant increase in shear stress ( - u’w’) 
with height above that over both crest and trough with values for -u“/Ui  of order 
0.003 at z’ = 100mm. These stresses are significantly larger than the flat-floor 
measurements (figure 3 b, 0.001) and larger than the flat-floor log-linear profile 
estimates of u”,U; (0.002, see 93 above). Thus the shear stresses in the outer part of 
the boundary layer are significantly increased by the presence of this wavy topography, 
which is consistent __ with the increased growth rate for the boundary layer. A rough 
estimate of a( - u’w’)/az in the outer layer gives - 0.004Ui over 200 mm (h/3) which 
implies a deceleration rate of about 1.2% per wavelength at these levels from the 
balance between the horizontal advection and the vertical flux gradient. This matches 
well with the observed crest to crest velocity profile reductions shown in figure 4 
indicating a velocity reduction of order 0.1 6U0 over 13 wavelengths. Low near-surface 
Reynolds stresses and large increases relative to upstream at heights of order h/6 were 
also observed over wave crests by Counihan (1974) for his configurations (A and D) 
with ak = 0.52. 

Despite the scatter and the possibility of measurement errors as we approach the 
surface it is apparent that the shear stress, above both crest and trough, is low for 
heights between 3 and 20mm. Over the trough this is consistent with the low 
mean velocities found there. At mid-slope locations near-surface shear stresses are 
higher __ and the down-slope profile (for x/h = 0.25, not shown) has a high-stress region 
(-u’w’/Ui z 0.004) near z’ = 10 mm, corresponding (see figure 5a)  to the high-shear 
location. __ As noted in Taylor et al. (1989, figure 1) the fact that the wavelength-averaged 
-u’w‘ generally increases with height in the lower part of this boundary layer over 
a wavy ~ surface is linked to the fact that, in addition to the turbulent Reynolds stress, 
-u‘w‘, there will also (in a Cartesian reference frame) be a non-zero wavelength- 
averaged mean flow Reynolds stress, (- UW).  It is, however, still surprising that the 
near-surface stresses are so low over the crest. The assumption ~ of local equilibrium 
near the surface would lead us to expect high values of - u’w‘/Ui ( ”N 0.0085) as 
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we approach z‘ = 0. However, the problems with measuring the Reynolds stress very 
close to the surface in either wind tunnel or field studies (e.g. Mickle et al. 1988) 
makes definitive __ observation difficult. Kuzan et al.’s (1989) measurements did not 
include -u‘w‘ profiles but they do report surface shear stresses by Zilker which indicate 
maxima, a little upwind of the crest, of order O.O04U& compatible with our estimates, 
given the different type of surface and different slope. 

We need to explain how, above the crest, the shear stress goes from a supposedly 
high surface value to near zero between the surface and 3 mm. If we consider the U 
momentum equation in streamline coordinates, following Finnigan et al. (1 990), 

where a, and a, are derivatives along and perpendicular to the streamlines and R and 
La are the local radii of curvature of the streamlines and a set of lines orthogonal to 
the streamlines, we ~ find that the only terms large enough to balance the anticipated 
stress gradient (a(u’w’)/az N 0.0028 U t  mrn-’) are the acceleration and pressure 
gradient terms. A possible magnitude for lJaU/ax (with the velocity going from near 
zero to 1.1 U,, over a distance of 0.5h at z’ z 3 mm would be 0.004Ui mm-’. We obtain 
a similar magnitude for ap/ax on either side of the crest from figure 6(a). These terms 
would normally be in approximate balance but the acceleration term will formally be 
zero at the surface and, for these steep waves, the stress gradient needed to match a 
high local equilibrium value at the surface to the observed values at 3 mm and above 
does seem possible. 

Relatively rough-wall data 
In the rough-surface case the (T profiles above the trough (figure 8a-c) all show 

reduced values below about z‘ = 50 mm, - corresponding, we assume, to the separation 
zone and relatively stagnant flow. The u’w’ values in this region (figure 8 d )  are also 
near zero. Similar reductions in gu near the surface above the trough were observed by 
Buckles et al. (1984) in separated flow over steeper waves with an aerodynamically 
smooth surface. 

The profiles show slightly higher f l u  and lower uw values above the trough than the 
crests near z’ z 100 mm as in the smooth-wall case and as expected from rapid 
distortion calculations, noting that AU/Uis smaller in this case. The crw profiles (figure 
8c) have much less scatter than for the smooth-wall case. Above the inner layer, for 
40 < z < 200 mm, we again find increases in cur compared to the upstream value 
(0.047U0) above crest, trough and (not shown) at intermediate locations, although 
peak cw values are less than in the smooth-wall case. We again associate these mid-level 
maxima with large ~ eddies forced by the topography. 

The rough-wall u’w’ profiles are quite similar to those discussed __ above for the 
relatively smooth-surfaced waves although the lowest level - u’w’ values above the 
crest (0.001 to 3 mm) do correspond to larger shear stresses. The crest value of u2,, 
based on an equilibrium-flow drag coefficient for z’ = 3 mm, is however 0.006%, 
again indicating a significant near-surface shear stress gradient. Shear stress (- u’w’) 
minima occur at heights (z’) of order 10 mm while maxima, at z’ z 100 mm, lie in the 
region of moderately high velocity shear (see figure 5 d )  and high turbulence levels 
(figure 8 a-c). 

The centreline mean flow and turbulence data presented above provide a basic 
picture of the flow above our wavy surfaces. There are clear qualitative differences 
between the relatively smooth- and relatively rough-surfaced flows. The flow clearly 
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separates over the rough-surfaced waves but not over the smooth. There is however an 
additional complication in the case of the relatively smooth-surfaced waves in the form 
of lateral (cross-flow) inhomogeneity. This is discussed in $6 below. 

5. LES model results 
Large-eddy simulations were conducted with a modified version of the model 

described by Dornbrack & Schumann (1993) and based on the work of Krettenauer & 
Schumann (1992). The primary motivation was to confirm the existence of a 
longitudinal-vortex secondary flow pattern for the flow over the relatively smooth- 
surfaced waves. We will focus on this aspect of the results in 96 but first present some 
cross-stream-averaged results. 

The LES model runs to be presented are for a domain size of 2h x 2h x A, where h 
is the wavelength of the waves. Thus the model domain covers two waves in the along- 
flow and cross-flow directions and extends to the top of the boundary layer (which is 
at a height of order A) of the original wind tunnel experiment. The finite difference grid 
is uniform and isotropic with 128 x 128 x 64 nodes. Periodic lateral boundary 
conditions are used and the spatial evolution of the wind tunnel flow is represented as 
temporal evolution in the LES, as described above in $2. At the bottom surface, the 
frictional momentum flux is computed locally from the horizontal velocity at the lowest 
grid cell assuming a logarithmic wind profile for a rough surface with a given roughness 
length zo. The top boundary is rigid and impermeable (w = 0) but free slip and stress 
free (aU/az = 0). The subgrid-scale (SGS) fluxes are determined by means of an eddy 
diffusivity which is a function of the grid scale and the SGS kinetic energy, which is 
itself computed from a separate transport equation. The flow is forced by a mean 
horizontal pressure gradient, which is determined such that the mass flux through the 
domain stays constant (Dornbrack & Schumann 1993). Initial conditions were chosen 
to match the upstream flow in the wind tunnel. For further details of the LES model 
and its numerical implementation see Krettenauer & Schumann (1992) and Maas & 
Schumann (1994). 

The wind tunnel flow between wave crests 11 and 12 was found to be best 
represented (based on boundary-layer depth) by the LES results for t = 16T,, (where 
Tef = h/U,,). Figure 9 shows results for the mean downstream velocity profiles at crest, 
trough and intermediate locations for both relatively smooth- and rough-wave 
experiments. The mean values were obtained by averaging the field over the cross- 
stream direction and over positions (2) of equal phase of the orographic waves within 
the computational domain. This was at a single value for time (16ref) and involved 
averaging over 256 individual values to obtain a mean. Ideally we would have also 
averaged over a number of realizations of the flow, perhaps with slight perturbations 
to the initial conditions, but this was not done. However we did check mean profiles 
at other times (14Tef, 15Tef, 17T,,, 18Tef). These always showed very similar overall 
profiles (in x or z) to those at t = 16Tef but the fine-scale details of the profile were 
often slightly different. Initial normalization within the model was with respect to a 
bulk velocity. Plotted results are re-scaled to the local velocity at the model top. The 
general features of the wind tunnel data (the S-shape of the crest profiles, the height 
of the crossing point between the profiles of x = 0.25h and x = 0.75h) are represented 
quite well by the LES. In figure 9 (a) profiles at the trough and halfway down the slope 
for the smooth case fit the experimental data very well. Starting at t = 4Tef .the mean 
profiles show positive U-values for all locations and there is no steady recirculation 
zone. Recirculations only occur locally and temporarily in very small areas near the 



Turbulent boundary-layer flow over rough waves 25 

10' 

I" 1" 

0 0.4 0.8 1.2 0 0.4 0.8 1.2 

UlU, UlU, 

FIGURE 9. Mean velocity profiles, U/UO us. logz', from the LES at locations between the wave crests 
at t = 16T,,,, compared to the wind tunnel data from figure 5: (a) smooth waves, (b)  rough waves. 
Solid lines are for profiles above the crests, short-dashed lines at locations 1/4 wavelength 
downstream of the crests, long-dashed lines represent the mean profile above the troughs and 
long-short-dashed lines are the profiles 3/4 of a wavelength downstream of the crests. 

Surface type ( T f d  F, ( T f r i c )  + F, 
Rel. smooth 0.0020 0.0027 0.0047 
Rel. rough 0.0016 0.0054 0.0070 

TABLE 2. Drag values over the waves: LES results. All drag values are per unit area and are 
normalized by p U i .  They are based on LES results at t = 16T,,: ( T ~ ~ ~ ~ )  is horizontal force on the 
surface due to friction, F, is normalized form drag, calculated from (4) 

surface downstream of the crest. The crest and halfway-up profiles have slightly lower 
mean velocity values for the near-surface layer ( z  < 100 mm) than were measured in 
the wind tunnel. Besides problems of insufficient resolution near the surface (see 
discussion below) the systematic lateral variation in the time-averaged wind tunnel 
velocity data due to three-dimensional flow structures may have caused the discrepancy 
since an average taken over y can be different from the profile at any y-location. The 
extreme instantaneous LES velocities at z' = 5 mm above the crest were U,,, = 1.40 
and Umin = 0.75. There is generally an organization into narrow high-speed regions, 
or streaks, surrounded by broader areas of lower velocity, and the range of simulated 
profiles easily spans the experimental data. These were from the tunnel centreline and, 
as will be shown later, correspond to higher speeds than were found to either side. The 
agreement is far better than that obtained with a model based on the Reynolds- 
averaged equations (Taylor et al. 1995). 

In the rough case the agreement between LES and measured results for the crest 
profile is better (Figure 9 b ) .  There are steady recirculation zones downstream of the 
crests and mean velocities are negative up to a height z' of about 20 mm in the trough. 
This recirculation was qualitatively observed in the experiment but the hot-wire 
anemometer was unable to differentiate between positive and negative quantities. 

The surface pressure distributions at t = 16T,, for both runs are shown in figure 6(a)  
and the calculated surface fluxes are listed in table 2. The plotted pressure results are 
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again averages over y and at two locations with the same phase. Results for t = 14T,,,, 
15T,,, 17T,,, and 18T,, were again similar but with differences in fine detail (e.g. the 
'kink' in the rough-wall pressure plot at about x/h = 0.1 is smoother at 15T,, than at 
1 6T,,,). The surface pressure distributions appear to agree well with the experimental 
results in general. The slightly weaker pressure minimum over the crest in the relatively 
smooth-wall LES results compared to the wind tunnel measurements is qualitatively 
consistent (through Bernoulli's equation) with the lower LES velocities over the crest 
discussed above. There are some systematic differences between the wind tunnel and 
LES pressures on the downstream side of the crest (0 < x/h < 0.5). In the relatively 
smooth-surface case the LES pressures are higher than the wind tunnel values in the 
vicinity of x/h = 0.8. These lead to lower pressure differences across the crest and a 
significantly lower form drag as can be seen from a comparison of tables 1 and 2. In 
the rough case there is again good agreement except that the LES pressure minimum 
over the crest (x = 0) is slightly deeper than the observed value. There are other small 
differences and the LES form drag is slightly lower than that calculated from the wind 
tunnel pressures. The LES ( (7f , i , ) )  and wind tunnel ((u",) shear stress contributions 
are in reasonable agreement, and both have lower values in the rough case. 

It is clearly rather anomalous that the wind tunnel observations (table 1) indicate 
higher form drag for the attached flow over the relatively smooth-surfaced wave than 
for the separated flow over the rough wave while the LES results (table 2) indicate the 
opposite. It would be highly desirable to see the wind tunnel measurements repeated 
in another facility and to see similar measurements for a wider range of wave steepness 
and h / z ,  values. Models based on the use of Reynolds-averaged equations also have 
considerable uncertainty in their predictions of form drag. Ayotte et al. (1994), Wood 
& Mason (1993) and Xu et al. (1994) all make the point that form drag predictions are 
strongly dependent on the turbulence closure assumptions made in these models. It 
would appear from the present results that there are also difficulties with LES and wind 
tunnel determinations of this very sensitive, but important, flow statistic. 

It is a general characteristic of LES atmospheric boundary-layer models that they 
perform well in convective situations where large eddies dominate and are more 
temperamental, and more sensitive to subgrid-scale parameterizations, in the 
simulation of neutral and stably stratified flows (Mason 1994). Although our flow is 
neutrally stratified, we expect the presence of the wavy topography to generate large- 
eddy structures and anticipated that a LES model would perform well for this flow. 
The results confirm this although there is considerable variation of some sensitive 
model output parameters, e.g. the form drag, between runs with different resolution, 
with non-uniform grids, modified finite differences or with different initial conditions. 

The resolution problem is associated, at least in part, with our inability to resolve the 
very thin shear layer with the large shear stress gradient above the wave crests. This has 
a thickness of order 3 mm while the boundary-layer depth is 600 mm. With our choice 
of N = 64 grid points in the vertical direction, the lowest grid is at Az/2 M O.OOSH, or 
approximately 5.0 mm. This means that with N = 64 we do not resolve the inner layer 
but parametrize it in terms of the logarithmic wind profile. Adequate resolution, with 
a uniform isotropic three-dimensional model would require of order 512 x 512 x 256 
grid nodes. Further development of LES models including better treatment of near- 
wall layer, or bigger faster computers may resolve these difficulties but for the moment 
we will regard our LES results as good qualitative simulations of the wind tunnel flow 
without expecting exact quantitative agreement. 
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6. Secondary flow 
The primary wind tunnel evidence of secondary flow arose when we set out to check 

that the flow over the two-dimensional waves was itself two-dimensional and laterally 
uniform, at least over the central portion of the tunnel. Somewhat to our surprise and 
initial dismay we discovered that, in the relatively smooth-surface study, there were 
lateral ( y )  variations, at about the + 5 %  level, in the mean velocity values at fixed x 
and z locations. To the best of our knowledge these have not been reported in any 
previous studies of flow over wavy surfaces. The lateral variability was absent in the 
upstream flow and in the flat-floor tests and we believe that it is associated with an 
instability of the two-dimensional flow over the waves leading to the establishment of 
a secondary flow comprised of longitudinal vortices. Our initial thoughts were that this 
could be a Gortler (1940) instability (or centrifugal instability) associated with 
streamline curvature in the troughs but the vertical extent of the secondary flow is 
rather large for this. J. C. R. Hunt (personal communication) and Hunt et al. (1991) 
suggest that it may be a novel form of Langmuir circulation (see Craik 1982). This is 
also indicated by the recent work of Phillips & Wu (1994) on the development of 
longitudinal vortex modes in inviscid linear shear flow through the Craik-Leibovich 
type-2 instability and by subsequent work by W. R. C. Phillips and collaborators 
(personal communication) on the inviscid and viscous instability of power-law and 
logarithmic velocity profiles to spanwise-periodic longitudinal vortex modes. So far we 
have been unable to establish the necessary theoretical details and in this section will 
present only the experimental observations and LES results which indicate somewhat 
similar, though not identical, features. In an unbounded two-dimensional flow 
situation the three-dimensional structures would probably meander laterally and be 
averaged out in any long period measurement. In the wind tunnel the sidewalls 
constrain this meandering and cause lateral variability in the time-averaged flow. 

As our check for two-dimensionality of the mean flow, lateral traversing 
measurements were made to 900 mm on each side of the centreline of the wind tunnel, 
the maximum lateral coverage allowed by the traverse facility, at several heights and 
at several downstream locations. Figure 10 shows selected plots from a series of 
transverse profiles of the mean velocity over the smooth waves. The flow was 
reasonably homogeneous in the spanwise direction at the upstream reference position 
(1.3 m or just over 2h upstream of the leading edge of the waves); there were small 
variations, of about k 2 O h ,  in the mean velocity but no recognizable patterns. The 
lateral variability was still small over the first crest (figure 10a) but in the first trough, 
substantial three-dimensional disturbances (spanwise variations) start to occur at low 
levels (z’ = 20 mm). These disturbances persist and could be seen at the subsequent 
measurement locations (i.e. the second and the fourth crests, the 1 lth trough and the 
12th crest). The spanwise variations of the mean velocity over the waves are well 
organized in a wavy, or a W-shaped pattern with two minima located roughly 400 mm 
off the centreline on each side. This is well illustrated by the results for z’ = 100 mm 
over the 1 lth trough and 12th crest (see figure lob, c). The effective wavelength of the 
disturbances is about 800 mm which is comparable with both the model wavelength 
and the boundary-layer depth over the waves. The disturbances are confined within the 
boundary layer, as illustrated by our measurements at z’ = 600 mm over the 12th crest, 
and, once established, grow in depth together with the boundary layer. To evaluate the 
development of the three-dimensional disturbances over the waves, the range of the 
spanwise variation in the central part of the tunnel, I Y J  6 600 mm, normalized by the 
free-stream velocity was determined. The intensity of the disturbance was found to 
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FIGURE 10. Wind tunnel measurements of the lateral ( y )  variation of mean velocity ( U ( y )  - U(O))/ U(0) 
over the smooth-wave model at fixed x and z', U(0) is the value at the tunnel centreline, y = 0: (a)  
first crest; (6) 1 lth trough; (c) 12th crest. Heights, z' (in mm) for the measurements are D, 5 ;  0, 10; 
0, 20; 0, 100; +, 300; x,  600. 
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FIGURE 11. Vector plot of secondary flow (V,  W )  over the 12th crest (relatively smooth-surface 

case). Horizontal scale above the figure represents U, (approximately 10 m s-I). 

grow rapidly over the first few waves and then appeared to saturate at a range of about 
0.1 U, in the central part of the wind tunnel, although there were differences between 
crest and trough ranges and larger variations as the sidewalls were approached. 

The three-dimensional disturbances could also be seen in the turbulence field over 
the waves. The percentage spanwise variation in (T, was similar to that of the mean 
velocity but with opposite sign and was less organized than in the mean flow, especially 
in the troughs. Some tests were carried out over the smooth waves with different wind 
tunnel speeds, 15, 5 and 2.5m s-', to determine whether the three-dimensional 
disturbances over the waves are dependent on Reynolds number. The measurements 
show that, when U, is greater than 10 m s-', the primary two-dimensional flow over the 
waves is Reynolds-number independent and so are the three-dimensional disturbances. 
However, when U, is less than 10 m s-l, the flow over the waves is Reynolds-number 
dependent, although the upstream flow over the flat floor is independent of Reynolds 
number, and the three-dimensional disturbances behave differently for different wind 
tunnel speeds. For example, with U,, = 5 m s-', the spanwise variation shows only a 
single trough, i.e. a V-pattern, over the second crest and a widened trough over the 12th 
crest, while, with U,, = 2.5 m SKI, the disturbances start with the W-pattern but end up 
with a single trough over the 12th crest. 

For the high wind speeds we speculate that the wavy pattern of the spanwise 
variation of the flow over the smooth waves could be associated with longitudinal 
vortices, and further measurements with X-wire probes were made to obtain the V- and 
W-components of the mean flow. Figure 11 is a vector plot of the secondary flow 
constructed from a series of these measurements over the 12th crest. There are clearly 
limitations to our study caused by the limited width of the wind tunnel and sidewall 
effects, and corner vortices may well be influencing or modifying the secondary flow 
pattern. However, in figure 11 one can tentatively identify two pairs of counter- 
rotating vortices over the waves. Descending flow is found at the centre and close to 
the sidewalls causing horizontal divergence at the surface and bringing fluid with 
relatively low turbulence from higher to lower levels, while ascending flow is found in 
between, about 400 mm off the centreline on each side. This description is consistent 
with the spanwise variations of the mean flow and turbulence described above and we 
believe this to be the most plausible explanation of our observations. 

Previous studies on three-dimensional structure in primarily two-dimensional 
turbulent flow, for both spanwise vortical flow and the flow over concave walls, have 



30 W. Gong, P. A .  Taylor and A ,  Dornbrack 

all noticed the dependence of the final three-dimensional structure on the upstream 
flow conditions. Lasheras, Cho & Maxworthy (1986) showed that, by removing 
disturbances from the upstream flow, the roll-up flow (of Kelvin-Helmholtz waves) 
could be free of three-dimensionality for some distance downstream, while, if a single 
localized perturbation was added to the upstream flow, that perturbation was then 
stretched and amplified by the positive strain of the spanwise vortices (roll-up) and also 
spread sideways, soon causing the formation of streamwise counter-rotating vortices. 
Swearingen & Blackwelder (1986) studied the spacing of the streamwise vortices over 
concave walls under various upstream conditions. They found that there was a natural 
wavelength for the spanwise variation which was independent of the downwind 
distance. When the disturbances introduced upstream (either at the end of the 
contraction or at the beginning of the concave curvature) had wavelength greater than 
the natural wavelength, the spacing of the longitudinal vortices was not affected, but, 
when the spanwise disturbances introduced had wavelengths smaller than the natural 
one, the vortex spacing downstream corresponded to the wavelength of the introduced 
disturbances. However, the investigation was carried out at a fixed downwind location, 
and whether those altered vortex spacings would change further downstream was not 
indicated. 

In the present study, the effect of upstream flow conditions on the disturbances over 
the waves was investigated for the smooth case only. First, we searched for possible 
sources of upstream disturbances to the flow with the same spanwise wavelength as the 
perturbations. Finding none, we introduced small perturbations upstream of the 
honeycomb to see if these had any impact and discovered that they did not. Upstream 
disturbances were then introduced by vortex generators (pairs of half-delta wings 
angled to the flow, similar to those used by Hoffmann, Muck & Bradshaw 1985, with 
length 160 mm and a height, or span, of 40 mm), located with their trailing edges 
3.66 m upstream of the start of the waves. Two sets of measurements, were made with 
ten pairs and six pairs of vortex generators evenly spaced across the tunnel floor, 
respectively. 

With ten pairs of vortex generators, ten pairs of counter-rotating vortices appeared 
to form (eight clearly seen and the two outer ones beyond our lateral measurement 
range) at the upstream reference location (2.3m from the trailing edge of the 
generators) over the flat floor. The vortex structure remained similar over the first crest 
although attenuated. Over the first trough and the second crest, the pattern of the 
spanwise variation was still essentially the same as upstream although with some 
deformation especially at the lower level in the trough. Then, although ten pairs of 
longitudinal vortices were still recognizable at the higher level over the fourth crest, the 
number of vortex pairs was reduced at the lower level. Farther downwind, over the 
12th crest, the spanwise disturbance was dominated by about three pairs of streamwise 
vortices at all levels within the boundary layer. There were certainly quantitative 
differences between this plot and the results shown in figure 12 but the overall pattern 
was similar. At this stage the spanwise wavelength of the secondary flow appeared to 
be about 600 mm compared to 800 mm in the original case. The results with six pairs 
of upstream vortex generators were basically the same, and, although six vortex pairs 
could still be identified over the second crest, the profile was clearly deformed by some 
larger-scale perturbations and, over the 12th crest, the spanwise variation had a 
wavelength of order 800 mm and was almost identical to that without upstream vortex 
genera tors. 

The above discussion suggests that, in our flow situation, the scale of the 
disturbances over the waves is determined by a flow instability. There is undoubtedly 
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a sidewall effect as well, since the sidewalls provide lateral constraints. Disturbances in 
the upstream flow may be amplified or damped selectively according to the natural 
wavelength of the flow instability, but appear to have no direct control of the final 
pattern of the three-dimensional structure over the waves. 

We also measured lateral profiles for the 1 1 th trough and 12th crest over the rough 
(carpeted) waves. As discussed above, changing the surface roughness led to 
considerable differences in flow separation, speed-up over the crests and vertical 
velocity shear. Over the rough waves the spanwise variations show lower velocities in 
the central part of the tunnel over both the crest and trough and quite large increases 
near one wall. Vector plots for the secondary flow were produced but there were no 
clear signs of longitudinal vortices over the rough waves. We tentatively suggest that 
no organized three-dimensional structures develop in the rough-wall case and that the 
velocity increases for 1 Y J  2 600 mm are linked to sidewall and corner vortex effects. 

The secondary flow observations are less complete than we would have liked and 
there is clearly a need to undertake further investigation. The similarity in scale 
between the wavelength and the boundary-layer depth is unfortunate and meas- 
urements in a deeper boundary layer would be desirable. It would also be interesting 
to explore a range of flow parameters (A/z,,ak) to determine how common the 
occurrence of the secondary flow might be and how they might affect the scales of the 
secondary three-dimensional structure. As far as we are aware it has not been observed 
in the other studies of flow over sinusoidal waves discussed above, but lateral 
variability checks are not reported and may not have been made. 

Turning to the occurrence of organized three-dimensional flow structures in the LES 
results, figure 12(a) shows the spanwise variation of the instantaneous velocity field 
(v, w )  at t = 16T,, in ( Y ,  2)-planes at five x-locations covering one wavelength in the 
relatively smooth-surface case. The mean flow is out of the plane of the figures. Over 
the crest at x = - A  (figure 12ai) the flow is accelerated in the streamwise direction, the 
lateral (v, w)  velocities are relatively small and no coherent structures are clearly 
detectable in the near-surface region. It is however apparent that there are areas of 
ascent (near y / A  = -0.95, -0.5 and 0.3) and strong near-surface descent (near 
y / h  = -0.75 and 0.95). This seems to evolve into some organized flow structure in 
the trough position at x = -0.5A (figure 12aiii) where two pairs of counter-rotating 
vortices can be clearly identified. Their centres are at a height of approximately 0.2h 
and the y / h  locations of the vortex centres are approximately -0.85, -0.65 and 0.5, 
0.9. The vortices have a typical lateral and vertical extent of order h/3, with part of the 
channel cross-section occupied by relatively unstructured flow. At the next crest (figure 
12av) the vortices are somewhat suppressed but there are again reasonably well- 
defined areas of near-surface ascent and descent. Stronger vortical structures were 
again apparent in the following trough ( x / h  = 0.5). 

In figure 12(b), for flow over the rough-surfaced waves, one strong vortex is visible 
over the trough (centred at y = -0.9h, z’ = 0.2h, figure 12biii), but the general flow 
characteristics are different from the relatively smooth case. Owing to the rougher 
surface, large separated regions exist downstream of each crest. In these zones 
circulations with axes parallel to the crest dominate and cause a very turbulent flow 
with strong lateral variations in the velocity field. This is especially noticeable in plots 
of (v, w )  at intermediate locations between the crests and troughs (figure 12bii, iv) 
where the flow does not follow the orography in downward and upward motion (in 
comparison with the smooth case, figure 12aii, iv) but shows pronounced turbulent 
flow in the spanwise direction. 

The perturbation vertical velocity field at T = 16T,, for the computational level 
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FIGURE 12. Instantaneous (V,  W )  velocity vectors from the LES for (a) the relatively smooth-surfaced 
case and (b) the rough-surfaced case at time t = 16Tef for different x locations: (i) x = - A  (crest); (ii) 
x = -0.75h (downslope); (iii) x = -0Sh (trough); (iv) x = -0.25h (upslope); (v) x = O.Oh (crest). 
These plots use z ,  rather than z’ as the vertical coordinate and the shaded (lined) areas lie below the 
wave. 
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FIGURE 13. LES vertical velocity variations (w’) relative to y-average value at t = 16T,,, 7 = 0.llA. 
(a) Relatively smooth-surfaced waves, (b) relatively rough-surfaced waves. Positive contours only, the 
contour interval i s  0.05U0. 

7 = 0.1 lh is shown in figure 13. The perturbation field is used to eliminate the terrain- 
following contribution to W and is defined by w‘ = W -  ( W)y where ( W)y is the 
lateral average, with respect to y ,  of W at fixed, x, z and t. This statistic will highlight 
longitudinal vortices but will eliminate transverse vortex structures with axes in the y-  
direction. Only positive values are plotted to illustrate the vortical structures, which are 
characterized by alternating regions of positive and negative w’. It is clear from a 
comparison between the plots for the relatively smooth- and rough-surfaced waves that 
organized vortices aligned with the flow are present in the smooth case but are less 
ordered over the rough surface. They appear to be less persistent than the structures 
we anticipated based on the wind tunnel observations and they do meander IateralIy, 
but they are there. At most of the x-positions there are four regions of positive velocity, 
indicating four pairs of vortices with a lateral width of 0.25h. Similar plots were 
produced for other levels. Close to the surface (7 = 0.02h) there was more small-scale 
structure in the w’ fields while the fields at 7 = 0.2h were similar to those for 0.1 lh.  

Going back to the lateral variations of U which had initially alerted us to the 
existence of the secondary flow in the wind tunnel, we plotted lateral profiles of the 
instantaneous perturbation u velocity, u’ = U - ( U ) ~ ,  at t = 16T,, at various x and z 
locations in the flow over the relatively smooth wall. The instantaneous LES u values 
show both secondary flow and turbulent fluctuations, if indeed it is appropriate to 
make such a distinction, while the wind tunnel data (figure 10) are time averages. In 
an attempt to remove some of the high-frequency turbulent fluctuations some 
smoothing in y (a three-point filter applied three times) has been conducted and 
selected results are shown in figure 14. Because of unconstrained ‘meandering’ by any 
secondary flow structures in the LES case (no boundary walls) long time averaging 
would eliminate both turbulence and secondary flow variations. The magnitudes of the 
lateral u’ variations in these LES results for the relatively smooth-surfaced waves are 
roughly double the time-averaged wind tunnel values. This could be partially due to the 
effect of limited meandering in the wind tunnel. Subjective interpretation of the results 
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FIGURE 14. Sample LES lateral variation of instantaneous but spatially ( y )  smoothed u-component 
perturbation velocity above (a) wave crests x = -A,  0; (b) mid-slope locations x = -0, 754 0.25h; 
(c) troughs = -0.5h, 0.5h and ( d )  mid-slope locations x = -0.25A, 0.75/\, for t = 16T,, at selected 
7 levels (100 and 175 rnm). Results for relatively smooth-surfaced waves. Solid lines correspond to the 
field over the first wave (- h < x < 0) and the dashed lines to the second wave (0 < x -= A). 

in figure 14 suggests some loose similarity between the low-wavenumber variations in 
figure 14(a, c) and the wind tunnel plots of figure 1O(c, b). With a little imagination we 
can ‘see’ three broad maxima in u’(y) in many of the ‘profiles’ and there is a measure 
of consistency in they location of these maxima at different x and z’ positions. In both 
the wind tunnel and the LES results, the high u’ values correspond approximately to 
downwelling motions while u’ minima appear to be associated with upwelling regions 
in figures 11 and 12(a). The LES results are less compelling than figure 10 but can 
be interpreted as indicating a persistent and somewhat wave-like pattern which has 
features in common with the wind tunnel study. 
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Overall we can see some measure of qualitative agreement with the secondary flow 
detected in the wind tunneI experiment and the vortex structures present in the Iarge- 
eddy simulations. Because of differences in flow situation, including the different 
impact of the sidewalls in the wind tunnel and the lateral periodic boundary conditions 
in LES, the agreement is far from perfect. However the primary intent of the LES runs 
was to support our hypothesis that there is a three-dimensional instability in the Aow 
over the relatively smooth-surfaced waves which leads to the establishment of 
longitudinal vortex structures. We contend that the LES results support this 
interpretation of the wind tunnel data. 

7. Conclusions 
We have presented new results from a wind tunnel study of turbulent boundary- 

layer flow over wavy surfaces. The waves had a maximum slope of 0.5 and two different 
surface roughnesses were used. Over the rougher surface the mean flow separated over 
each wave and was approximately two-dimensional. Over the relatively smooth surface 
it remained attached after the first wave but, after the first few waves, we observed a 
three-dimensional secondary flow. In this case there is also a pronounced low-level ‘jet’ 
above the crests. Large-eddy simulation results are also presented. These match the 
observations well and support our interpretation of the flow structure. In nature it is 
possible that the three-dimensional secondary flow may occur in the airflow over water 
waves. 

The original intent of the wind tunnel study was to measure the form drag and total 
horizontal force on the waves. This was achieved but there are some uncertainties in 
the values, especially over the rougher surface where there is a 50 % difference between 
total stress measurements based on the form drag and friction velocity and the value 
obtained from an overall momentum budget. The LES results for shear stress at the 
surface are in reasonable agreement with the wind tunnel but the form drag prediction 
for the relatively smooth-surfaced waves is much lower than the measured value. The 
experiment and the LES results confirm the suspicion, based on other modelling 
studies, that accurate prediction of the drag over topography may be a rather difficult 
goal to achieve. 

Hans Teunissen of the Atmospheric Environment Service gave considerable 
guidance and advice in the setting up of the experiment. We are most grateful to him 
and also to Karl Venek and Mohammed Shokr for their advice and practical assistance 
in the conduct of the wind tunnel study. One of us (W.G.) was the holder of an 
AES/NSERC research fellowship during the initial conduct of the wind tunnel work. 
We much appreciate the help and encouragement of Ulrich Schumann (DLR) without 
those support we would not have completed the LES part of the study. 
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